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Minimally invasive surgical systems are being widely used to aid operating rooms across the globe. Although arguably successful in
laparoscopic surgery, the da Vinci robotic system has limitations mostly regarding cost and lack of patient physiological motion
compensation. To obtain a more cost-effective alternative, earlier works used general-purpose fully actuated serial-link robots to
control instruments in laparoscopic research using constrained Jacobian techniques. In contrast with those works, we present a new
technique to solve the laparoscopic constraints for the serial-link manipulator by using a constrained trajectory. This novel tech-
nique allows complex 3D remote center-of-motion trajectories to be taken into account. Moreover, it does not have problems related
to drifting, and is less prone to singularity related issues as it can be used with redundant manipulators. The proof-of-concept
experiments are done by performing artificial trajectories with static and moving trocar points using a physical robot manipulator.
Furthermore, the system is tested using user input of 13 medically untrained personnel in an endoscope navigation task. The
experiments show that the system can be operated reliably under arbitrary and unpredictable user inputs.
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1. Introduction

Minimally Invasive Surgery (MIS) is a surgical technique
based on the access to inner cavities via multiple small
incisions in the patient's body, being consequently less
invasive than its open surgery counterpart. MIS inter-
ventions are the preferred approach in many procedures
since they offer outstanding advantages like less pain,
smaller scars, and faster recovery time [1]. However, as a
higher level of surgical skill is required, MIS procedures

often have steeper learning curves and require longer
procedure times.

The difficulties in performing laparoscopy originate
from the motion restriction imposed by the small inci-
sions in the patient's skin. Long and thin tools are
inserted through those incisions so that the surgeon can
act inside the patient. Those tools include forceps-like
instruments to interact with tissues, and also endoscopes
that embed a camera to enable visualisation of the inner
cavity. To simplify the analysis, the intersection of the
trocar axis with the skin incision is usually approximated
by a pivoting point, henceforth named as the trocar point.
With respect to the trocar point, this means that the tool
motion is restricted to four degrees-of-freedom (DOF)
(see Fig. 1), and that the motion of the outside end of the
tool is mirrored at the end inside the patient's cavity.
Moreover, the surgeon can no longer interact with the
organs and inner structures directly using their hands,
thus losing dexterity and tactile feedback. Furthermore,
as in many tasks — such as suturing — the surgeon
needs both hands to operate tools, an assistant surgeon
may be required to operate the endoscope.
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In addition to the aforementioned difficulties,
patient's physiological movements, such as secondary
respiratory motion, further enhance the complexity of
MIS procedures. In clinical settings, respiration causes
quasi-periodic motion and deformation of organs, being a
source of disturbance that affects performance of several
types of procedures such as heart surgery, stereotactic
surgery, and laparoscopic surgery [2]. Mechanical organ
stabilizers are often used in open surgical procedures.
However, the stabilizers available for laparoscopic sur-
gery have considerable drawbacks, due to the difficulties
of having a stiff structure able to fit through the small
incisions. There is the alternative of completely elimi-
nating the source of disturbance through direct influence
in the organ, i.e. stopping the heart completely during
surgery, but that is an invasive method that may increase
morbidity [2–4].

Robots already aid in medical settings by providing
tremor canceling, motion scaling, comfort, endurance,
improved vision, and so on [5]. The basic concept of ro-
botic assistants in laparoscopy can be reduced to two clear
objectives: to move the tool to the position where the
surgeon defines, and to generate a remote center of motion
(RCM), which should have the same instantaneous posi-
tion as the trocar point. The euclidean distance between
the RCM and the trocar point is often called the RCM error,
and is used as a performance metric.

The first step towards safe RCM generation is decid-
ing how to handle the kinematic constraints of the trocar.
This topic has been considered by myriad works, in
which the compensation can be either a mechanical
constraint or embedded in the robot control algorithm.
The most common approach to solve this issue is
through mechanical constraints, basically variants of the
parallel bars mechanism used in the da Vinci robot. The
da Vinci is arguably the most successful robotic assistant
system available, even with a U$1.5M cost figure [5].
Besides the high cost, da Vinci is also known for the lack

of force feedback, the large operating room footprint, and
the closed architecture. This prompted the research of
alternative system designs. For instance, the ALF-X [6]
and the RAVEN II [7,8].

Whereas modifying the machine design may allow
several aspects to be improved, the use of general pur-
pose serial-link manipulators is another feasible ap-
proach. Serial-link manipulators have been reliably used
in the medical room for several years, for instance as a
component of the CyberKnife [9] and ROSA [10] systems.
When applied in laparoscopic surgery, general purpose
serial-link manipulators do not account mechanically for
the trocar point constraints. Instead, they need a soft-
ware framework to provide virtual fixtures. One advan-
tage is that, since the manipulator is not mechanically
constrained for laparoscopic surgery, it can have a design
optimized for different kinds of surgery, allowing the
same robot to be used in distinct surgical areas. By using
the same robot in distinct surgical procedures across
multiple medical fields, the operating costs can be di-
luted, making the system more economically viable. In
addition, robots with more than 6 DOF with the appro-
priate control software can use the additional DOF to
reposition the robot inside the workspace without the
need to halt the procedure, which can reduce the amount
of times in which the procedure needs to be stopped for
manual readjustments of the robotic assistant. Less
delays in the operation of the system increase its
throughput, reducing patient's exposure, surgeon's fa-
tigue, and associated costs. The most well-known ex-
ample is the operating table mounted DLR MIRO robot
[11]. In the commercial scenario, and with similar
motivation, KUKAa has developed a medical robot line.

1.1. Related work

In this work, we examine a particular approach using
fully actuated robotic systems, such as the DLR Miro.
Such systems may allow more precise movements, while
providing physiological motion compensation. That
compensation could be, for instance, of pulmonary and
heart function that cause cyclic movements during sur-
gical interventions. As trocars in some cases are placed in
areas of low compliance, such as between rib bones,
motion compensation could be beneficial. Moreover,
minimally invasive heart interventions that traditionally
require a full stop of the heart beat could receive beating-
heart alternatives, which would be safer for the patient
considering the risks and physiological stress caused by a
heart-lung machine.

In order to control a robot in laparoscopic procedures,
related works using fully actuated robots often derive a
constrained Jacobian using the trocar point restrictions.

ahttp://www.kuka-healthcare.com/en/start.htm.
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Fig. 1. Laparoscopy motion around the trocar point. As a re-
sult, the endoscope can only move in four DOF: !; " and #,
which are rotations around the x, y and z-axis, respectively, and
z which is the translation along the z-axis.
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For instance, Osa et al. [12] used four ceiling mounted 6
DOF Mitsubishi robots by considering the trocar point
constraints a relation between the end effector linear and
rotational velocities. Azimian et al. [13] used a Mitsubishi
PA10-7C robot to control a tool under trocar point con-
straints by designing a constrained Jacobian. The
experiments showed considerable tool-tip deviation
(>2 cm), which can be explained by conflicting objectives
in their task-priority controller. In both works described
before, there is a zero velocity constraint at the trocar
point with no feedback loop using the RCM position,
making the unavoidable nonzero noisy velocities even-
tually cause the RCM position to diverge from the trocar
position, which may be dangerous since surgical proce-
dures can be rather long. Given the zero velocity con-
straint, the aforementioned solutions have no direct
extension to moving trocar points. In a more recent work,
[14] studied another Jacobian considering the trocar
point constraints. The main result of the work required
trocar point velocities constrained to zero, making it
susceptible to the same type of drift as in Azimian et al.'s
Jacobian. Moreover, as organ motion and deformation
modeling can be quite complex, it should be convenient
to describe trocar point motion as a 3D position vector,
rather than the 2D plane velocities used in From's work.

Workspace singularities are also out of the scope of
the preceding works discussed. However, workspace
singularities are naturally occurring mechanical related
phenomena, that need to be considered when using
serial-link robotic manipulators near surgeons and
patients. In the case of redundant robots, there can be
infinite singular configurations inside the workspace,
which can be hard (or impossible) to model beforehand.

In this work, we examine the particular approach of
describing the task as a constrained trajectory. Such de-
scription is more frequent when describing robotic mo-
tion, and may allow a more powerful insight on the inner
workings of the control algorithm. Furthermore, by de-
scribing the problem as a trajectory instead of modifying
the Jacobian, we can use known metrics to evade sin-
gular configurations, while also accounting for trocar
point motion. Initially, in [15], we explored the trajectory
planning for a static trocar point using a dual quaternion
finite-point interpolation method in simulations only.
That framework, however, is not enough for compen-
sating trocar point motion, and is updated in this work to
follow a continuous trajectory. Moreover, there was no
singularity algorithm described in that work. Finally,
experiments with a physical manipulator were made to
evaluate the system effectiveness.

1.2. Contributions and organization of this work

Therefore, in this work we wish to improve on two
specific points on early works using trajectory descrip-
tion and fully actuated serial-link robots. First and

foremost, robot control while considering a trocar point
with an arbitrary motion on the workspace, with small
RCM and trajectory tracking error (TE). The second
contribution is to avoid task-space singularities while
performing the necessary task.

We do so by providing an end effector trajectory ca-
pable of simultaneously placing the tool at the desired
position while considering the trocar point constraints.
The continuous trajectory description also allows com-
pensation for arbitrary motion of the trocar point. Note
that the proposed framework focuses on properly con-
trolling the robot under a moving trocar point. The
physiological motion model itself should be identified
online or offline through other means [2–4, 16], which
are complimentary to this work. Experiments with a
physical robot using artificial trajectories show that the
framework allows the control of laparoscopic instru-
ments with near zero RCM error. Moreover, preliminary
experiments with 13 users with no medical experience
show that the system successfully operates under un-
predictable user inputs.

This paper is organized as follows. Section 2 provides
a background on kinematic control strategies to intro-
duce some concepts for the unfamiliar reader and to
motivate some of our design choices in the context of a
laparoscopic application. In Sec. 3, we present the main
contributions of our research, introducing the developed
control system and its main modules. Then, in Sec. 4 the
experimental setup used for validation of the technique
was presented followed by the main experimental results
in Sec. 5. Finally, in Sec. 6 we present our final con-
siderations and possible future work.

2. Background on Manipulator Kinematic Control

Considering that laparoscopic surgery is described by
slow acceleration and precise movements, kinematic
control is a feasible approach used by many of the
aforementioned related works. With those suppositions
in mind, one merit of kinematic control is that it removes
a layer of complexity related to robot dynamics, without
hindering precision. Another merit is that different ro-
botic manipulator geometries are embedded into the
straightforward Denavit–Hartenberg parameters, allow-
ing geometry change without the need of modifying the
underlying control law.

While using kinematic control, important design
decisions are motivated by the peculiar aspects of serial-
link robotic manipulator geometry. Given the broader
scope of this work with respect to earlier works, those
aspects need to be thoroughly explained. Therefore, in
this section we begin by briefly motivating our choice for
dual quaternions for rigid body motion description.
Afterwards, we introduce kinematic control using dual
quaternions in order to elucidate some of the points that
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require most care when using serial-link manipulators:
redundancy and workspace singularities. Please refer to
Table 1 for the notation adopted in this work.

A proper choice of rigid body motion description
provides a strong foundation on which we can develop
robot control laws. For instance, the unit dual quaternion
framework to represent rigid motions does not have the
singularity issues of other minimal representations [17,
18]. Among its advantages, the dual quaternion repre-
sentation has a straightforward way to obtain geometric
parameters, resulting in a more intuitive derivation of
controllers and path planners. Moreover, the dual qua-
ternion framework is a compact mathematical tool that
presents many advantages in the point of view of feed-
back control. The definition of both position and orien-
tation in a common vector simplifies the design of the
controller and avoids the computation of complex
transformations to obtain the orientation error.

With respect to manipulator control, two mappings
are necessary to achieve feedback control. Suppose we
wish to control a n-DOF serial-link robotic manipulator.
The first necessary mapping is between the manipulator
joint positions, $ðtÞ 2 Rn#1, and the end-effector pose,
represented by the dual quaternion xm. That is, given a
set of joint positions, obtain the position and orientation
of the end-effector. Such mapping can be obtained for any
serial-link geometry by using its Denavit–Hartenberg
parameters through successive multiplications in dual
quaternion space [17]. The second necessary mapping is
the inverse kinematics. That is, how to map end effector
poses, xm, to manipulator postures,b $ðtÞ. However, a
closed-form solution for the inverse kinematics does not
exist for the general case, both due to the nonlinearity
induced by the manipulator geometry and to problems
related to the infinite solutions when mapping a higher
dimensionality space, when n > 6, to SE(3).

In order to overcome difficulties in obtaining
the inverse kinematics model of arbitrary serial-link
geometries, it is more convenient to use the mapping
between the manipulator joint velocities $

:
ðtÞ 2 Rn#1 and

its generalized end-effector velocity vec x:mðtÞ 2 R8#1

given by

vec x:mðtÞ ¼ J$
:
ðtÞ; ð1Þ

where J 2 R8#n is called the manipulator analytical
Jacobian [19] and depends on the current robot posture.
Now, instead of an overly complicated function to invert,
we have the linear mapping given by (1). Inverse kine-
matics can then be obtained by inverting the differential
kinematics (1). For instance, it is possible to exponen-
tially reduce the error between the current pose xmðtÞ
and a constant desired pose xd by using the closed-loop
controller given by

$
:
ðtÞ ¼ KJ†vec ðxmðtÞ % xdÞ; ð2Þ

with a positive definite K that affects the rate of con-
vergence and J† being the singular value decomposition
(SVD) inverse of the nonsingular J.

Some research has been done in devising controllers
directly in dual quaternion space in order to improve the
performance of (2). There are results related to cooper-
ative manipulation frameworks [17], and optimum H1
control design [18]. One very interesting result of [18] is
the introduction of a transformation invariant error. The
main idea of such error is to use the dual quaternion
conjugation (which can be seen as a pose difference
operator) instead of a dual quaternion subtraction.
Modifying (2) to use such error results in

$
:
ðtÞ ¼ KN†vec ð1% x &

mðtÞxdÞ,KN†vec e ð3Þ

in which N ¼ "HðxdÞC8J, "HðxdÞ is the Hamilton operator
[20] of xd , C8 ¼ diagð1;%1;%1;%1; 1;%1;%1;%1Þ, and
e, 1% x &

mðtÞxd is the transformation invariant dual
quaternion error. It is important to notice that (3) only
considers set-point tasks, and not continuous trajectory
tracking. We address continuous trajectory tracking in
Sec. 3.4 by adding a feedforward term.

A posture is considered redundant whenever the rank
of J is larger than the task space DOF at that posture. For
instance, since our task space is SE(3), a manipulator
may have redundant postures whenever n > 6. The effect
of using the SVD with a redundant J is the local optimi-
zation of the joint velocities in a minimum square sense.
Redundancy can also be used to other purposes, such as
task space singularity avoidance.

Task space singularities refer to unachievable poses
on the workspace, and also have a close connection with
the rank of J: The set of the singular postures of a ma-
nipulator with a SE(3) task-space can be defined as
$s ¼ f$ j rankðJÞ < 6g. The definition is straightforward
since whenever a robot is unable to perform an arbitrary
motion in space, the linear mapping (1) should (and
does) lose rank. For instance, some of the singular con-
figurations are those in which the manipulator is fully
stretched, and can indeed not move further out of its own
workspace. Other singular configurations, particularly in

bA manipulator posture at time t is the configuration of the manipu-
lator given by its joint positions, i.e. $ðtÞ.

Table 1. Mathematical notation.

Symbol Meaning Example

Bold capital Matrix K
Bold lower-case Quaternion r

Underlined bold lower-case Dual Quaternion q
Lower-case hat Unit vectors {̂; |̂; k̂
Lower-case Natural numbers n; i

Vectors $; s
Real numbers !; "; #; z; t; s

M. M. Marinho, M. C. Bernardes & A. P. L. Bo



redundant robots, can be rather unintuitive and exist
inside the manipulators workspace when two or more
DOF align. Those are visible in the Jacobian rank, but they
are a mechanical characteristic and not exclusive to this
form of control. In fact, the dexterity of a manipulator —
i.e. how easily the robot can move to an arbitrary di-
rection given its current posture — can be defined with
respect to the singular values of its Jacobian, which also
can be used to measure closeness to singularities [21].
That measure can be useful since the problem is not
usually the singularity itself, rather only the mathemati-
cal manifestation of a mechanical phenomenon. The
problem instead lies in the neighborhood of a task-space
singularity, since J (and thus N) becomes ill conditioned,
which results in high values for the joint velocities when
the SVD inverse is used.

In this light, damped pseudoinverses have been pro-
posed in earlier literature to avoid the velocity peak in
the close vicinity of singularities [22]. However, the main
side-effect is that the damped inverse is an artificially
disturbed version of the real system model, therefore the
inversion is imprecise. There are several tweaks that one
can apply to the damped pseudoinverse to increase its
performance in particular cases. However, if the manip-
ulator is allowed to get close to a singularity, no control
law can accurately compensate for this mechanical issue
without an associated imprecision for an arbitrary di-
rection if the rank of J is less than the task space DOFs.
Since such errors cannot be tolerated in medical settings,
the most reasonable way to cope with singularities is to
avoid getting dangerously close. Whenever a singularity
cannot in fact be actively avoided with any technique,
manual rearrangement is necessary.

In order to avoid manual rearrangement, a dexterous
task space should be found for nonredundant manip-
ulators, or singularity evasion techniques should be used
for redundant manipulators. Some works have studied
how to optimize the task space for nonredundant
manipulators, by offline optimization of measures such
as manipulability [23], optimization the global isotropy

index [24], or even laparoscopy-specific dexterity opti-
mization [25]. However, due to the ambiguous pairing
between $ and xm when using a redundant manipulator,
such measurements cannot be directly used. One solu-
tion is to exploit the manipulator redundancy to avoid
singularities, by using the nullspace of J [26]. That causes
the manipulator to use inner motions to avoid singular-
ities, explicitly not disturbing the end effector motion.
Note that even though nullspace projection will aid in
avoiding singularities, it is not mathematically guaran-
teed to do so under all circumstances, therefore manual
rearrangement may still be necessary in rare cases.

In this work, we use the SVD inversion due to its
precision, and address singularity evasion by using an
algorithm to locally optimize the condition number of the
Jacobian as discussed in Sec. 3.6.

3. The Laparoscopy Controller

With the preceding discussion in mind, in this section we
describe the proposed laparoscopy control framework.
The overall organization of the system is as described in
Fig. 2. In the bird's eye view, we have a surgeon that
operates a master device, also having access to image
feedback in order to perform the medical procedure. The
proposed control system provides the link between sur-
geon commands and robot motion, and is further divided
into three parts. The first component is the reference
generator discussed in the following section, where tool
control and camera control references are translated from
the user interface commands to task space variables. The
second component is the trajectory planner described in
Sec. 3.2, that receives the desired tool-tip position and
computes the constrained trajectory. The last component
is the kinematic controller described in Sec. 3.4, which is
derived from (3) and modified to account for a time-
varying reference trajectory. The singularity evasion
component of the controller is discussed in Sec. 3.6.

RobotUser Laparoscopy Control Framework

Reference
generator

Trajectory
planner

Kinematic
controller

endoscope images

user inputs

α, β, γ, z

joint positions

θ(t)

xf xd(t)

Fig. 2. Laparoscopy control framework overview. First, it calculates the end effector final pose x f from user inputs. Then, it
interpolates a trajectory xdðtÞ from the initial to the final pose. Finally, the manipulator joint trajectories are derived.
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3.1. Reference generation

The system provides an user interface to generate four
independent control signals !ðtÞ, "ðtÞ, #ðtÞ, and zðtÞ with
!; "; #; zð0Þ ¼ 0 (see Fig. 1). Each one will control a DOF
of the laparoscopic instrument. The trocar point position
can be obtained by using estimation techniques such as
[2–4]. The result of such estimation is the trocar point
position, xrto. For dual quaternion operations and defi-
nitions, please refer to Appendix A. More information on
dual quaternion algebra can be found in [27].

The trocar position is closely intertwined with the
proposed technique. The basic concept is that, using the
trocar as the reference frame, the trocar constraint is
well described into four distinct DOF. Therefore, we can
make use of that uncoupled definition to describe the
end-effector motion with respect to the trocar point in
the most intuitive manner for the task at hand.

For instance, in order to control a camera, the desired
end effector pose can be chosen as

x f ð!; "; #; zÞ ¼ x trortz; ð4Þ

with r ¼ r!r" r# and

r! ¼ cos
!

2
þ {̂ sin

!

2
; r" ¼ cos

"

2
þ |̂ sin

"

2
;

r# ¼ cos
#

2
þ k̂ sin

#

2
; tz ¼ 1 þ 1

2
%k̂z;

enabling the surgeon to move the endoscope DOFs in-
dependently, similar to manually handling the instru-
ment. Note that in this case r traces a spherical surface
centered at the trocar point, while tz selects the spherical
surface radius, allowing full translation description of the
workspace while respecting the trocar point constraints
(see Fig. (3(a)).

In order to control a tool, tracing a plane may be more
intuitive than tracing a sphere. Therefore we may choose
a different translation term to (4) given by

tz ¼ 1 þ 1
2
%k̂zd; zd ¼

z
vec a:vec b

; ð5Þ

with a ¼ k̂, b ¼ rar&, and . being the dot product. This
results in tracing a plane surface with r, while selecting
the plane depth with tz , as shown in Fig. 3(b).

Note that since the base reference frame is x tro and
only motion in the allowed DOFs is made, references
obtained from (4) and (5) are trocar point safe.

3.2. Trajectory planning for a static trocar point

Every reference pose, x f , is constrained by the trocar
point whenever we obtain it from (4). The objective of
this Section is to find the constrained trajectory that
connects the current end effector pose at time of plan-
ning, i.e. when xm equals some x0, with the reference
pose, x f . Such trajectory should be recalculated online

whenever x f changes. In this section, we approach the
problem considering a static trocar point, and the moving
trocar point is described in the following section.

With that in mind, suppose the laparoscopic tool is at
an initial pose x0 and has to reach a feasible final con-
strained pose x f , e.g. resultant of (4). To properly find the
desired trajectory connecting both poses, we find the
constrained description of x0 and x f ; and next connect
them with a zero RCM error trajectory by interpolating
their relative rotation and translation.

In order to do so, we first obtain the constrained
description of x0: the rotation r0tro and the constrained
translation t 0tro so that x tror

0
trot

0
tro equals x0. For that

purpose, we note that

x0 ¼ x trox
0
tro; ð6Þ

for some x 0
tro that describes the motion from x tro to x0.

From (6), we can obtain r0tro by noticing that

x 0
tro ¼ x &

trox0
) r0tro ¼ Pðx &

trox0Þ: ð7Þ

With (7), we can obtain the constrained translation of x0
as given by

t0tro ¼ translation ððx tror0tro Þ&x0Þ:

Due to the RCM constraint, t0tro can only be a translation
in the z-axis. However, unmodeled disturbances may

α, β, γ
z

xf

x0

xtro

(a) Moving in a spherical surface

xf
z

α, β, γ

x0

xtro

(b) Moving in a plane

Fig. 3. User input references and its effects in two different
possibilities. For three given reference angles s!, s" and s# , the
orientation of the final desired pose x f will be the same, while a
given sz results in different insertion depths depending on the
chosen reference strategy.
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cause it to be some t ¼ tx {̂ þ ty |̂ þ tzk̂; with tx 6¼ 0 and
ty 6¼ 0. Therefore, we constrain tx ¼ ty ¼ 0 to obtain

t 0tro ¼ tzk̂ ) t 0tro ¼ 1 þ 1
2
%tzk̂:

Now define x 0
0 ¼ x tror

0
trot

0
tro, which perfectly respects the

trocar point constraint. Using the same procedure, we
can obtain

x f ¼ x tror
f
trot

f
tro:

Now that the constrained descriptions of both x 0
0 and x f

were found, we search for the constrained trajectory
between them. Consider that the planning function is
called at a time t ¼ ti. We then define a terminal time tmax
for the trajectory, e.g. tmax ¼ jjvec ð1% x &

mðtÞxdÞ=s (see
(3)), with s 2 Rþ % f0g. The parameter s is an intuitive
design parameter that can be regarded as the trajectory
speed, since jjvec ð1% x &

mðtÞxdÞjj is a distance between
the current pose and the final pose. Using ti and tmax, we
define the trajectory planner time, tp, as

tp ¼ t % ti; t ( tmax þ ti
tp ¼ tmax; t > tmax þ ti

!
; ð8Þ

therefore tp increases at the same pace as t in the interval
½0; tmax*, being saturated at tmax . This definition for the
planner time will be used so that the planned trajectory
begins at x 0

0 with tp ¼ 0 and ends at x f with tp ¼ tmax.
With the planner time defined, we can find the nec-

essary time-varying rotation between the current and the
target pose, rpðtpÞ. Using the quaternion log operator, we
obtain

log rp ¼
tp
tmax

log ðr0troÞ&r
f
tro

" #
:

) rpðtpÞ ¼ exp
tp
tmax

log ðr 0troÞ&ðr
f
tro

" #$ %
: ð9Þ

The rotation given by (9) can be more easily understood
by noticing that if we solve ra ¼ ðr 0troÞ&r

f
tro, we obtain

ra ¼ cos $a
2 þ na sin

$a
2 for some constant $a and na, there-

fore

rpðtpÞ ¼ cos
tp$a
2tmax

þ na sin
tp$a
2tmax

:

This means that we have a fixed axis given by na, with a
linear increasing rotation angle from 0 to $a. In a similar
manner, the planner translation, tp, is given by

tpðtpÞ ¼ ðtp=tmaxÞ ðt 0troÞ&t
f
tro

" #
: ð10Þ

Finally, we compose both (9) and (10) to obtain

xdðtpÞ ¼ xtror
0
trorpðtpÞt 0trotpðtpÞ; ð11Þ

note that xdð0Þ ¼ x 0
0 , xdðtmaxÞ ¼ x f , all possible interme-

diary points preserve the trocar point constraint, and
both translation and rotation simultaneously converge to

their desired values; as shown in Fig. 4. Concerning im-
plementation, the trajectory does not need to be entirely
computed beforehand. At each step, the controlling
algorithm can obtain the next step using (11). Such
calculation requires few operations, and a change in the
velocity parameter s does not alter the computational
cost.

In this section, we examined how to generate a tra-
jectory between two points considering a static trocar
point constraints. In the next section, we extend this
solution to dynamic trocar positions.

3.3. Trajectory generation for a moving trocar point

Although one of the interesting aspects of software
generated RCM is the possibility of compensating for
physiological motion, this is an issue that lies largely
unaddressed in related works. In this section, we discuss
how to compensate for trocar point motion using the
proposed trajectory planner.

By using some trocar point motion estimation
framework [2–4, 28], we obtain the desired RCM position
as the time-varying function x troðtÞ. We then use the
same procedure shown in the last section to define the
desired trajectory xd. Notice that now the trajectory
exists for all t, while tp is defined in (8). Therefore

xdðt; tpÞ ¼ x troðtÞr0troðtÞrpðtpÞt 0troðtÞtpðtpÞ: ð12Þ

Even if the surgeon no longer interacts with the system,
i.e. there are no function calls to update ti, when t + tmax
in (12) the trajectory planner will compensate for RCM
motion as shown in Fig. 5. As the trocar point constrains

xd(0)

xd(tmax )
Pivot

xd(tp)

Fig. 4. Constrained trajectory xdðtpÞ. All points in the trajec-
tory have zero RCM error.

xtro (t)

x0

Fig. 5. The effect on x0 with a time varying x tro.
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the motion, the orientation and translation of the tool in
the workspace cannot be simultaneously maintained
constant in relation to the patient while the RCM is
moving. Such issue is inherent to the trocar point con-
straint and not to the proposed system.

3.4. Kinematic controller

The control law (3) considers a point-to-point control of
the end effector. This is not the case in our system, since
we have a continuous trajectory description. When using
a continuous trajectory, the controller needs a feedfor-
ward term to be able to predict the perturbation caused
by the dynamics of the trajectory. In order to find the
feedforward term, we being with the transformation
invariant dual quaternion error defined as [18]

e ¼ 1% x &
mxd;

and differentiate it in time to find

e:¼ %x:&mxd % x &
mx
:
d:

Manipulators are usually joint velocity controlled,
therefore $

:
should explicitly appear on the control law.

The first step to do so is to use the vec operator on both
sides to find

vec e:¼ %"HðxdÞC8vec x
:
m % vec x &

mx
:
d: ð13Þ

By substituting the differential kinematic equation (1)
in (13), we find

vec e:¼ %"HðxdÞC8J$
:
% vec x &

mx
:
d;

vec e:¼ %N$
:
% vec x &

mx
:
d:

ð14Þ

In (14) we can see that the term %vec x &
mx
:
d is a

measurable disturbance in the error dynamics induced
by the time-varying desired trajectory. This disturbance
is the term we want to eliminate. Since $

:
is the control

signal and %vec x &
mx
:
d depends only on current and de-

sired end effector poses, which are know variables, we
can perform a feedback linearization by choosing

$
:
¼ N†ðK vec e % vec x &

mx
:
dÞ: ð15Þ

The effect of using such control signal can be seen by
substituting (15) in (14) to obtain

vec e:¼ %NN†ðK vec e % vec x &
mx
:
dÞ % vec x &

mx
:
d:

) vec e:¼ %K vec e; ð16Þ

which means that this choice of control signal causes the
error to exponentially converge to zero, for a positive
definite K. Since the generated trajectory between the
current and desired points will be completely known, the
feedforward term, vec x &

mx
:
d , is also known for all times.

In the next section, we describe how to find the deriva-
tive of the desired trajectory, x:d .

3.5. Trajectory derivative

The kinematic controller (15) has a feedforward term
given by vec x &

mx
:
d in order to compensate for time-

varying reference induced errors. In consequence, we
require the time derivative of xd . For a constant x tro , the
derivative of (11) is

x:d ¼ x tror
0
tror

:
p t

0
trotp þ x tror

0
trorp t

0
trot

:
p;

with

r:p ¼
$a

2tmax
% sin

tp$a
2tmax

$ %
þ na cos

tp$a
2tmax

$ %$ %

and

t
:
p ¼

1
2tmax

%k̂ðt fz % t izÞ;

for a t 0tro ¼ 1 þ 0:5%k̂t fz:
Whenever x tro is time-varying, its derivative and the

derivatives of r0troðtÞ and t 0troðtÞ should be considered.
Concerning computational implementations, note that
(12) is computationally inexpensive, therefore numerical
differentiation is a viable option.

3.6. Singularity Evasion

Recall from Sec. 2 that whenever a manipulator has more
than 6 DOF, it will present redundant postures when its
task space is SE(3). This means that offline optimization
measures of the manipulator dexterity are not directly
applicable, which in turn means that the manipulator
may have unpredictable singular postures inside its op-
erating workspace. The singular posture is not the only
problem. In fact, a region around that posture may also
result in imprecisions when moving the robot.

When using a redundant robotic manipulator, instead
of the unfeasible offline global optimizations, we can use
online local optimization by exploiting the redundant
manipulator extra DOFs. This is usually performed by
projecting a secondary objective function of the joint
variables cð$Þ in the nullspace of the primary task [26].
We may do so by choosing

$
:
¼ N†ðK vec e % vec x &

mx
:
dÞ þ PKcJcðcð$Þ % cdÞ; ð17Þ

where P ¼ ðI%N†NÞ is a nullspace projector in which I is
the identity matrix, Kc is a positive definite gain matrix for
the secondary objective, and Jc ¼ @cð$Þ=@$ is the constraint
Jacobian. Also, cd is the desired value for the secondary
objective function. By using (17), cð$Þ converges to cd as
long as the secondary objective does not conflict with the
first [22]. The added term PKcJcðcð$Þ % cdÞ generates inner
motions and does not disturb the convergence of (14).

Since we want to use the robot extra DOF to avoid
singularities, a good choice for the secondary control
objective would be to optimize some sort of dexterity
measurement, that is, a metric of how distant the robot
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pose is from singularities. A measurement of dexterity
often used in manipulator control settings is the ma-
nipulability [23], which is not applicable to the dual
quaternion case since detNNT ¼ det JJT ¼ 0 8 $.
Although computationally inexpensive, manipulability
has been questioned for some time given that it might
not be the best dexterity measurement [21], as the de-
terminant of a matrix does not always reflect its condi-
tioning. Since then, the computational power available in
robotic applications has increased manifold, and it is
currently feasible to directly obtain the conditioning
number derivative using, for instance, finite differences.

To do so, we begin by defining the reciprocate of the
condition number as

&ð$Þ ¼ '6

'1

in which '1 is the largest singular value of N, and '6 is
the sixth — and smallest — nonzero singular value of N
whenever it is not singular. Notice that maxð&Þ ¼ 1 for
any possible matrix, and represents the best possible
conditioning. Consider that each joint $i of the robot has
a positioning precision (i, for i¼ 1; . . . ; n. By defining the
selector vectors si 2 Rn#1 as

s1 ¼ ½1 0 0 , , , 0*T ;
s2 ¼ ½0 1 0 , , , 0*T ;

..

.

sn ¼ ½0 0 0 , , , 1*T ;
we choose the partial derivatives of the reciprocate of the
condition number with respect to each of the joint
positions as

@&ð$Þ
@ð$iÞ

- &ð$ þ si(iÞ % &ð$% si(iÞ
(i

; ð18Þ

since the real $i may be any number between
ð$i% (i; $iþ (iÞ. That is a reasonable definition if we
suppose that the probability density function of $ is
uniform over ð$i% (i; $iþ (iÞ. Therefore, for singularity
evasion we choose

Jc ¼
@ð&ð$ÞÞ
@ð$1Þ

, , , @ð&ð$ÞÞ
@ð$nÞ

& 'T

; ð19Þ

together with cð$Þ ¼ &ð$Þ and cd ¼ 1, given that & ¼ 1
reflects the best conditioning possible. Although cd ¼ 1 is
unreachable for most systems, it is an objective that
will — given no conflicts with the first objective —
locally increase the conditioning of any N by using the
manipulator nullspace.

4. Evaluation

4.1. Experimental setup

In order to evaluate the performance of the proposed
control system, a series of experiments were devised.

The experimental setup is as shown in Fig. 6 and fur-
ther described as follows. A 6-DOF COMAU Smart
Six Robotc was used with an endoscope attached to its
last link using a custom 3D printed PLA connection.
The selected workspace is a virtual 10 cm# 10 cm#
5 cm prism inside the custom made acrylics chest
phantom, which is reasonably large for a great number
of minimally invasive procedures [25]. Whenever a
user operates the system, they receive image feedback
through the laptop monitor, while operating the robot
using a Force Dimension Omega 7 haptics interface.
The user cannot see the acrylics chest when seated,
so the only source of information is the monitor
itself. Finally, by relying on the high rigidity of an
industrial-type robot, the ground-truth for the
positioning measurement is the forward kinematics of
the manipulator.

The reference generation equation used was the one
described by (4), which is suitable for controlling an
endoscope. The control law used was given by (17).
However, since the experimental robot has only 6 DOF,
the nullspace projection is dropped to become

$
:
¼ N†ðKvec ð1% x &

mxdÞ % vec x &
mx
:
dÞ:

Remember that K is a positive definite matrix,
N ¼ "HðxdÞC8J, "HðxdÞ is the Hamilton operator [20] of xd ,
C8 ¼ diagð1;%1;%1;%1; 1;%1;%1;%1Þ, 1% x &

mxd is the
transformation invariant dual quaternion error, and xd is
obtained from the planner equation (11), while the de-
rivative of xd is obtained through finite differences.
The planner described in Section 3.2 is used with tmax ¼
jjvec ð1% x &

mxdÞjj=s, with s being the trajectory speed.
The whole framework has two design parameters: the
gain matrix K and the trajectory speed scalar s. The latter
sets the trade-off between convergence rate to the tra-
jectory and joint velocity increase; whereas the former
concerns how fast the reference trajectory is, being in-
versely proportional to the trajectory time length.

The discrete time implementation of the kinematic
control law and the planner were written using the
DQ roboticsd library in C++. DQ robotics has the nec-
essary functions to perform the required dual quater-
nion algebraic operations, while also providing the
kinematic control operations such as the forward ki-
nematics model and Jacobian computation. There is a
socket connection through which the commands are
sent from the haptics interface to the robotic manipu-
lator. Due to the limitations of the robot communication
server, the both ways latency is around 150ms, which
is quite high.

cNote that even though the experimental robot has 6-DOF, redundant
robots can also be used by applying the techniques discussed in Sec. 3.6.
dhttp://sourceforge.net/projects/dqrobotics/.
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4.2. Experimental protocol

In total three sets of experiments were devised in order
to evaluate the system performance, two sets for artifi-
cial inputs and one for user generated inputs. Recall from
the last section that the controller has only two design
parameters, namely the gain matrix K and the trajectory
speed s. With that in mind, the first set of artificial input
experiments; using a static trocar point, were intended to
visualize the effects of different choices of the two design
parameters in the performance of the system. The second
set of artificial input experiments intended to give light
about the effects of a moving trocar point with different
amplitudes and frequencies on the system performance.
The last set regards the user controlled experiments,
whose objective was to observe the behavior of the
system under the unpredictability of user input. The
parameters for this last experiment were constant for all
users, chosen based on the performance of the system
under artificial inputs.

The artificial inputs were two different trajectories,
applied in both the static and dynamic trocar point sce-
narios. The first trajectory was the round-trip path con-
necting the two most distant points in the prismatic
workspace, as shown in Fig. 7 (left). This experiment
shows the performance of the system when generating
the longest trajectory possible in the workspace. With
that information, the parameter s can be tuned since you
obtain the time it takes to make the longest motion
possible inside the workspace. The second trajectory
consisted of a sequence of way-points with varying 3D
coordinates, in a star shaped motion as shown in Fig. 7
(right). This trajectory allowed a better understanding of
the parameters under a larger workspace coverage. The
static trocar point experiments were run first to find the
effects of the two design parameters without the trocar
point motion influence. The moving trocar point experi-
ments intended to show the effects in the system per-
formance of different values for the trajectory speed, s,

and differing amplitudes and frequencies for the trocar
point motion.

Considering the static trocar point, two sets of para-
meters were used. The trajectory speeds were
s 2 f0:025; 0:05; 0:1g, and the gain matrices are diagonal
matrices with the same elements along its main diagonal
K 2 f2:5; 5; 7:5g. All combinations were tested for the
total of nine trials for a static trocar point. When con-
sidering a moving trocar point, extra scenarios required
testing. As the effect of K is well understood both from
literature and from the first experiment, all moving tro-
car point experiments were held with a constant K ¼ 5.
The same set of trajectory velocities was tested, i.e.
s 2 f0:025; 0:05; 0:1g. In order to evaluate the effects of
different trocar point motions, an artificial trocar point
motion was chosen as

x troðtÞ ¼ x tro 1 þ %

2
a sinð2)ftÞk̂

" #
; ð20Þ

which is a sinusoidal motion with frequency f and am-
plitude of 2a, in the inwards-outwards direction with
respect to the trocar point. Notice that x troðtÞ can be an
arbitrarily complex model describing the trocar point

Fig. 6. Experimental setup overview for manual operation. The user commands the robot through the haptic interface, and obtains
visual feedback using the monitor (left). The robot holds the endoscope that goes into the custom made acrylic box (center). A close-
up view of the box and the reference path the user should follow (right).

Fig. 7. The way-points used in the experiments involving
predefined trajectories: round-trip through the surgical field
(left) and star shaped (right).
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motion. In practical scenarios the motion to be com-
pensated should be well modeled and supervised. The
experiment evaluated the robot control performance
with different amplitudes and frequencies, i.e. (20) with
ða ½cm*; f ½hz*Þ 2 fð1:0; 0:5Þ, ð2:0; 0:5Þ; ð1:0; 1:0Þg. Those
were chosen to represent considerably fast and high
amplitude biological movements. By combining the dif-
ferent parameters, nine different trials were run for the
moving trocar point.

Using the knowledge acquired in the first two
experiments, 13 users with no prior medical experience
voluntarily used the system in an endoscope control task.
Referring to Fig. 6, the user controlled the system by

using the haptics interface. The image feedback is shown
through the PC monitor. The monitor had a marker to
help centering the camera where the user would deem
necessary. The users were requested to, at first, try fol-
lowing the reference star printed in the paper inside the
acrylic chest. Afterwards, to freely move the haptics in-
terface. The objective of this experiment was to show
that with the appropriate parameters (e.g. K ¼ 1:5 and
s ¼ 0:025 were used for all users), the system can effi-
ciently operate for a long time and the workspace can be
freely explored using user generated commands without
singularity and stability problems. The performance
measure in this experiment were the RCM error, and the
error between the end effector tip pose and the desired
end effector tip pose.

5. Results

5.1. Static trocar point

The root mean square error of the RCM (RCME) and the
TE on both static trocar point experiments are listed in
Table 2. The overall performance of the surgical fiel-
dround-trip experiment can be seen in Fig. 8, whereas
the performance of the star shaped motion can be seen in
Fig. 9. The RCM error was kept below 1mm for experi-
ments in this set. The trajectory error is mostly a

R
C

M
 E

rr
or

 [m
]

K=5.0 s=0.050

10 15 20 25

2

4

6

×10−5

10
0.14

0.15

0.16

K=5.0 s=0.025

20 30 40 50

5

10

15

×10−6

20
0.14

0.15

0.16

Time [s]

K=5.0 s=0.100

4 6 8 10 12 14

1

2

3

4

5

×10−4

4

0.145

0.15

0.155

0.16

0.165

K=7.5 s=0.050

10 15 20 25

5

10

×10−5

10
0.14

0.16

K=2.5 s=0.050

10 15 20 25

2

3

4

5

6

×10−5

C
on

di
ti

on
in

g 
N

um
be

r

10

0.145

0.15

0.155

0.16

0.165Direction
change

Fig. 8. Results for the surgical field round-trip motion with a static trocar point. RCM errors are below 1mm for all cases. The peak
in the center of most trajectories represents the worst case scenario, in which the robot has to reverse its velocity completely while
in the local minimum of dexterity.
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Fig. 9. Results for the star shaped motion with a moving trocar point. RCM error was maintained below 1mm in all experiments.
The peaks in the start shaped motion are less noticeable since the velocity direction change was less sharp. Since the peaks are
shorter, the initial error due to the manipulator acceleration is more noticeable.

Table 2. Static trocar point rootmean square error (RCME) and
root mean square translation error to planned trajectory (TE).

K 2.5 5 5 5 7.5
s 0.05 0.025 0.05 0.1 0.05

Surgical field round-trip

RCME [10%2mm* 5.13 0.84 2.80 31.6 2.31
TE [mm] 2 0.16 1.2 8.7 0.88

Star shaped

RCME [10%2mm* 7.54 1.06 5.14 33.8 3.89
TE [mm] 1.5 0.16 0.90 6.3 0.69
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constant function, with its best value of under 0.2mm at
K ¼ 5 and s ¼ 0:025. Moreover, the trajectory was
smooth as evidenced by the robot motion and the en-
doscopic camera image stability. Such results demon-
strate in a preliminary form the safety of the concept
system.

From the results in Table 2, it is noticeable that the
error is in a similar order of magnitude when using the
same parameters for the star shaped and extremities
experiments. In the case of the star shaped trajectory, the
larger error can be explained by the prolonged motion
inside a less dexterous workspace. With regard to the
overall behavior (refer to Figs. 8 and 9), results show
RCM errors under 1mm for all experiments which are
safe for laparoscopic procedures. The most noticeable
source of error is the loss of dexterity amplifying the

noise, which does not originate from the controlling al-
gorithm itself. An optimized manipulator design for
medical procedures, such as done in the DLR MIRO robot
[29], may highly increase the overall performance.

Considering the surgical field round-trip case (Fig. 8),
the peak in the center of most trajectories represents the
worst case scenario, in which the robot has to reverse its
velocity completely while in the local minimum of dex-
terity. The peaks in the star shaped motion (Fig. 9) are
less noticeable since the velocity direction change was
less sharp, and the manipulator stayed within a more
dexterous workspace region. Given that the peaks in the
star shaped motion are smaller, the initial error due to
the manipulator acceleration is more noticeable. Re-
gardless of peaks, the motion is well behaved and the
endoscope shows a stable image, even when the trajec-
tory is repeated several times. When the trajectory ve-
locity was s ¼ 0:025, the peaks were not discernible from
other sources of noise, but the complete motion took
more time to complete. The velocity parameter is in-
versely proportional to the time of completion, being a
rather intuitive design parameter that can be optimized
for the workspace volume of each procedure. Moreover,
as expected, an increase in the value of K provides a
smaller RMSE error, but at the expense of higher joint
velocities and higher error peaks.

5.2. Moving trocar point

The RCME and the TE on both moving trocar point
experiments are listed in Table 3. The overall perfor-
mance of the surgical field round-trip experiment can
be seen in Fig. 10, whereas the performance of the star
shaped motion can be seen in Fig. 11. The RCM error

Table 3. Moving trocar point RCME and root mean square
translation error to planned trajectory (TE).

f [Hz] 0.5 0.5 0.5 0.5 0.5 0.5 1 1 1
a [cm] 1 1 1 2 2 2 1 1 1
s 0.025 0.05 0.1 0.025 0.05 0.1 0.025 0.05 0.1

Surgical field round-trip

RCME
[10%1mm*

0.554 2.12 8.03 1.37 4.15 15 1.05 3.78 11

TE [mm] 0.14 1.1 8.9 0.15 1.1 9 0.15 1.1 8.9

Star shaped

RCME
[10%1mm*

0.6 1.94 5.74 0.58 3.7 1.19 0.94 3.54 7.60

TE [mm] 0.16 0.96 4.8 0.93 1 0.14 0.11 0.95 4.9
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Fig. 10. Results for the surgical field round-trip motion with a moving trocar point. RCM error was within safe margins for all
experiments. Note that the dominating error source now is the trocar point motion. Whenever the trocar point motion is opposite to
the robot motion, a larger error can be observed. Besides two cases with s ¼ 0:1, the RCM error was below 1mm.
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was kept mostly below 1mm for experiments in this
set, even with a high amplitude biological motion. The
TE is under 0.16mm when using the trajectory velocity
of s ¼ 0:025. Moreover, the trajectory was smooth as
evidenced by the robot motion and the endoscopic
camera image stability. Such results give an initial
demonstration of the safety of the proposed framework
while performing biological motion compensation.

Also in this case, the system demonstrated similar
performance in both star shaped and surgical field
round-trip experiments. The effects of the trocar point
motion are noticeable on the RCME. More specifically, the
RCME in which the trajectory velocity is s ¼ 0:1 are
specially high (- 1mm), but still not harmful for the
patient if we consider the flexibility of the abdominal
wall. The overall behavior of the system also shows the
effect of the trocar point motion (refer to Figs. 10 and
11). Naturally, the error increases whenever the trocar
point moves in the opposite direction of the end effector
trajectory. This problem is further amplified whenever
the manipulator moves to a less dexterous region of the
workspace. However, if we disregard the trajectories
with s ¼ 0:1, which proved itself too fast for the system
to handle with a dynamic trocar point, the remaining
trajectories have all errors below 1mm.

5.3. Manual control

In the case of manual control, the RCME, and the TE
concerning translation, rotation angle, and rotation axis
are shown in Table 4. The overall behavior of the
aforementioned variables for all users can be seen in Fig.
13. The run of each user is separated by a vertical orange
dotted line, for a total of 13 experiments lasting a total of
75.8min. The workspace was thoroughly covered by the
users as evidenced by Fig. 12.

The behavior of the system was smooth overall, en-
abling users to enjoy full control of the endoscope. With
the choice of parameters K ¼ 1:5 and s ¼ 0:025, the

Table 4. User controlled error.

RMSE

RCM [mm] 0.0184
Translation [mm] 1.1
Rotation angle [rad] 0.0047
Rotation axis 0.0025

R
C

M
E

rr
or

[m
]

s=0.025 a=1 hz=0.5

20 40 60

1

2

3

4

×10−4

20

0.145

0.15

0.155

0.16

s=0.050 a=1 hz=0.5

10 20 30

5

×10−4

10

0.16

s=0.100 a=1 hz=0.5

5 10 15

10

×10−4

5

0.16

s=0.025 a=2 hz=0.5

10 20 30 40

10

×10−5

10

0.16

s=0.050 a=2 hz=0.5

10 20 30

5

10

×10−4

C
on

di
ti

on
in

g 
N

um
be

r

C
on

di
ti

on
in

g 
N

um
be

r

10 0

0.15

0.16
R

C
M

E
rr

or
[m

]

s=0.100 a=2 hz=0.5

20 40 60

5

×10−4

20

0.16

s=0.025 a=1 hz=1.0

20 40 60

5

×10−4

20

0.16

Time [s]

s=0.050 a=1 hz=1.0

10 20 30

10

×10−4

10

0.16

s=0.100 a=1 hz=1.0

5 10 15

0.5

1

1.5

2

×10−3

5

0.145

0.15

0.155

0.16

Fig. 11. Results for the star shaped motion with a moving trocar point. RCM error was within safe margins for all experiments.
Note that the dominating error sources of error are the trocar point motion and the change in reference. Besides one case with
s ¼ 0:1, the RCM error was below 1mm.

0
0.05

0.1
0.15

0

0.05

0.1

0.15
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

z
-a

xi
s 

[m
]

x-axis [m]

y-axis [m]

Fig. 12. The workspace coverage of the endoscope in the
experiments using user inputs, considering the inputs of all
users. The reference point in the plot is the combination of the
lowest coordinates achieved by the endoscope during the
experiments.

Using General-Purpose Serial-Link Manipulators for Laparoscopic Surgery



system remained stable during all experiments. The
system provided both small RCME ¼ 1:84mm%2, and
small error in relation to the planned trajectory, even
when the user moved the haptics interface abruptly.
These preliminary user experiments indicate that the
system is not vulnerable to drift phenomena. In fact, user
D (between 13 and 20min in Fig. 13) released the hap-
tics interface and the trajectory errors dropped sub-
stantially. Since the RCME is already very small, releasing
the interface reduces the RCME less sharply. Note that
the RCME was under 0.1mm for all users. The trajectory
error translation-wise was mostly under 2.5mm with a
small RMSE of 1.1mm, which converged to near-zero
when the user stopped generating new references.
A system with a smaller communication delay would
show even better results.

The trade-off between joint velocities norm and
errors — RCME and TE —can be changed by varying the
gain K. There is, however, a peak value of performance,
depending on the sampling rate of the system, after which
increases in the gain matrix begin causing more errors.
Moreover, the trade-off between trajectory error and tra-
jectory velocity is defined by the velocity variable s.

The desired response-time may vary between surgical
procedures, and also possibly be dynamic during the
procedure. Those effects along with a deeper analysis
about telemanipulation performance measures remain for
a future work.

6. Conclusions and Future Work

In this work, the use of a fully actuated robotic manipu-
lator to compensate for biological motion in laparoscopic
surgery settings was addressed. Despite earlier approa-
ches that employ constrained Jacobian techniques, we
evaluated the effects of using a constrained trajectory to
allow reliable control of the robotic system. The trajectory
is obtained by a path planner that provides a constrained
dual quaternion trajectory of the tool end-point given the
current trocar point position. Such trajectory allows
controlling the laparoscopic tool positioning while com-
pensating for biological motion modeled with respect to
the trocar point. Moreover, the technique can be applied
for any serial-link manipulator with at least 6 DOF, being
applicable also to redundant robotic manipulators.
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The system was tested in artificial trajectories with
both static and moving trocar points, demonstrating that
with a proper choice of parameters both the remote cen-
ter-of-motion and trajectory errors can be small. The
system was also tested under user input, showing its re-
liability while being operated by human hands. This
showed that the system does not show any drifting phe-
nomena, and provided free exploration of the workspace.

The results showed safe errors in both trocar point
constraint and trajectory tracking, but the setup had
some limitations that directly affected the quality of the
results. First, the communication between the controlling
computer and the robot had a delay that caused the
minimum feasible sampling rate to be at about 150ms.
This is a relevant source of error, and most modern
systems can operate at 10ms and mitigate such effects.
Furthermore, the overall proportion between robot and
task space was not optimal. COMAU Smart Six horizontal
reach is approximately 1.4m, to perform a task in the
millimeter or centimeter scale. Smaller robots such as
Kuka'se medical robot line could show better results
since their scale better couples with the given task.
Another source of error is that the trajectory being
generated is a constant velocity trajectory, therefore it
has discontinuous accelerations in its beginnig and its
end. This is not a particular issue in this work, but results
can be improved by having a smoother acceleration
profile. Regardless of the experimental setup limitations,
the system performed good proof-of-concept trials.

In future works, the experimental setup can be im-
proved. Also, experiments should also be devised for
operations by surgeons to provide a professional insight
of the usability of the system. Moreover, as the experi-
ments were performed in a 6 DOF robotic manipulator,
the full exploitation of redundancies in the serial chain by
using a redundant manipulator remains as the topic of
future works.
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Appendix A

We begin by recalling dual quaternions and their basic
algebra when representing rigid transformations to

establish the notation used in this work, followed by a
brief review of existing work in the kinematic control of
robotic manipulators. More information on dual quater-
nion algebra can be found in [27].

The dual quaternions are the basic building blocks of
the kinematic control theory implemented in this work.
We begin by defining {̂, |̂ and k̂ as the three imaginary
components of a quaternion such that {̂ 2 ¼ |̂ 2 ¼ k̂ 2 ¼ %1
and {̂ |̂k̂ ¼ %1.

Hence, a general quaternion x is given by

x ¼ q1 þ q2 {̂ þ q3|̂ þ q4k̂;

and its conjugate is defined as x& , q1 % q2 {̂ % q3|̂ % q4k̂.
The norm of a quaternion x is kxk ¼

ffiffiffiffiffiffiffiffi
xx&

p
. An arbi-

trary rotation of a rigid body by an angle $ around an axis
n ¼ nx {̂ þ ny |̂ þ nzk̂ is represented by the unit norm
quaternion

r ¼ cos
$

2
þ n sin

$

2
:

A translation described by t ¼ tx {̂ þ ty |̂ þ tzk̂ can be as-
sociated to a rotation r in order to represent the com-
plete rigid motion. This is represented by the unit dual
quaternion

x ¼ r þ "
1
2
tr;

and its conjugate is defined as x & , r& þ "ð12 trÞ&; where "
is nil-potent; i.e., " 6¼ 0 but "2 ¼ 0.

The translator operator obtains the translation qua-
ternion from the dual quaternion, that is

translationðxÞ, t:

The P operator returns a quaternion that represents the
pure part of a dual quaternion x , that is PðxÞ, r. On the
other hand, the D operator returns a quaternion that
stands for the dual part of a dual quaternion x , meaning
DðxÞ, 1

2 tr. The logarithm of x is

log x , $n
2

þ %
t
2
;

while the exponential of x is

exp x , Pðexp xÞ þ %DðxÞPðexp xÞ

with

Pðexp xÞ, cos jjPðxÞjj þ sin jjPðxÞjj
jjPðxÞjj PðxÞ;

if jjPðxÞjj 6¼ 0 and Pðexp xÞ ¼ 1 otherwise.
The vec operator maps a given dual quaternion x into

an eight-dimensional column vector; i.e.,

vec x , ½q1 q2 q3 q4 q5 q6 q7 q8*T:ehttp://www.kuka-healthcare.com/en/.
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